We calculate the twisted Hochschild and cyclic homology (in the sense of Kustermans, Murphy and Tuset) of all Podleś quantum spheres relative to an arbitary automorphism. Our calculations are based on a free resolution due to Masuda, Nakagami and Watanabe. As previously seen for quantum SL(2), the dimension drop phenomenom in Hochschild homology can be overcome by twisting by a distinguished family of automorphisms, which are all induced from the canonical modular automorphism associated to the Haar state on the compact quantum SU (2) group. We specialize our results to the case of the standard quantum sphere, and identify the class in twisted cyclic cohomology of the 2-cocycle discovered by Schmüdgen and Wagner corresponding to the distinguished covariant differential calculus found by Podleś.
Introduction
Twisted cyclic cohomology was discovered by Kustermans, Murphy and Tuset [KMT03] , arising naturally from the study of covariant differential calculi over compact quantum groups. Given an algebra A and an automorphism σ, they defined a cohomology theory relative to the pair (A, σ), which on taking σ = id reduces to ordinary cyclic cohomology. While it was immediately recognised that twisted cyclic cohomology (and its dual version, twisted cyclic homology, which is the subject of this paper), fits within Connes' framework of cyclic objects [Co83] , its connection with differential calculi makes it of independent interest [SW03a] , [SW03b] .
In our previous work [HK04] we studied the twisted Hochschild and cyclic homology of the quantum group SL q (2). We now extend this work to the setting of the Podleś quantum spheres [Po87] , [Po92] , which are "quantum homogeneous spaces" for the quantum SU (2) group. This paper leads on from our work [HK04] , and we will refer throughout to the notions introduced and explained there.
The Podleś spheres have been extensively studied by many authors [BK00], [CP02b] , [DS02] , [Ma03] , [NT03] , [PS01] , [SW03b] . Recently, there has been a great deal of work constructing explicit spectral triples and the corresponding local index formulae, first for the quantum SU (2) [CP02a] , [Co02] , and then for the Podleś spheres [CP02b] , [NT03] . Dirac operators over the Podleś spheres were found in [BK00], [DS02] , [Ma03] , [SW03b] . In general, covariant differential calculi over quantum groups cannot be described by Connes' formalism of spectral triples [Sch99] . However, in [SW03b] a Dirac operator was constructed that gives a commutator representation of the distinguished 2-dimensional first order covariant calculus over the standard Podleś sphere [Po92] , and the associated twisted cyclic 2-cocycle was shown to be a nontrivial element of twisted cyclic cohomology. We also mention [KMT03] , [SW03a] for an explicit description of the twisted cyclic 3-cocycle associated with the volume form of Woronowicz's 3-dimensional left covariant calculus over quantum SU (2). However in our work [HK04] this 3-cocycle was shown to be a trivial element of twisted cyclic cohomology.
Recall from [KMT03] that given an algebra A over a field k (which we assume to be of characteristic zero), and an automorphism σ of A, we can define twisted Hochschild and cyclic homology groups denoted by HH * (A, σ), HC * (A, σ). These arise from a cyclic object [Co83] , and hence all Connes' machinery of long exact sequences and bicomplexes can be applied. In [HK04] , we considered the Hochschild homology H * (A, σ A), of A with coefficients in the "σ-twisted" A-bimodule σ A, which has A as its underlying vector space, and bimodule structure given by
, if we have a projective resolution of A by left A e -modules, we can in principle compute H * (A, σ A). In general HH * (A, σ) and H * (A, σ A) do not coincide, however it was shown in [HK04] that in many situations there is a natural embedding HH * (A, σ) → H * (A, σ A), which in the situation studied in this paper is in fact an isomorphism.
The Hochschild and cyclic homology of the Podleś quantum spheres was calculated by Masuda, Nakagami and Watanabe in [MNW91] , using a free resolution that we rely on for our calculations in this paper. In section 2 we recall their definitions. In section 3 we use the M-N-W resolution to calculate the Hochschild homology groups H * (A, σ A). We show that these are in fact isomorphic to the K-M-T twisted Hochschild homology groups HH * (A, σ), and in section 4 use this fact to calculate the twisted cyclic homology HC * (A, σ) as the total homology of Connes' mixed (b, B)-bicomplex coming from the cyclic object underlying twisted cyclic homology.
We obtain the following striking result (Theorem 3.5). In the untwisted situation [MNW91] the Hochschild groups HH n (A) = H n (A, A) vanish for n ≥ 2, in contrast to the classical situation q = 1, (the ordinary 2-sphere) whose Hochschild dimension is 2. This "dimension drop" phenomenon has been seen in many other quantum situations (see [FT91] for a more detailed discussion). However, in the twisted situation, there exists a distinguished family of automorphisms such that HH n (A, σ) = 0 for n = 0, 1, 2. Furthermore, these automorphisms are precisely the positive powers of the so-called modular automorphism induced from the Haar state on the quantum group SU q (2). The central role played by the modular automorphism in avoiding the dimension drop in Hochschild homology was also seen in [HK04] . We note that similar results have also been recently obtained by Sitarz [Si04] for quantum hyperplanes.
In section 4 we calculate the twisted cyclic homology from the twisted Hochschild homology, via the definition of twisted cyclic homology as the total homology of Connes' (b, B)-bicomplex arising from the underlying cyclic object. Finally, in section 5 we specialise our results to the standard quantum sphere. Schmüdgen and Wagner [SW03b] constructed a nontrivial twisted cyclic 2-cocycle τ , arising from the distinguished 2-dimensional covariant first order differential calculus discovered by Podleś [Po92] . We show that the class
, where S is the periodicity operator in twisted cyclic cohomology and h A is a nontrivial twisted cyclic 0-cocycle that we describe explicitly.
The Podleś quantum spheres S
We follow the notation of Masuda, Nakagami and Watanabe [MNW91] . Let k be a field of characteristic zero, and q ∈ k some nonzero parameter, which we assume is not a root of unity. Given two parameters c, d ∈ k, with c + d = 0, we define the coordinate ring A(S 2 q (c, d)) of the Podleś quantum two sphere S 2 q (c, d) to be the algebra over k generated by symbols X, Y , ζ satisfying
As algebras, we have
However, since the M-N-W resolution is given in terms of the parameters c and d we will retain their notation throughout our computations. Specialising to the complex numbers (we now take q ∈ R, 0 < q < 1, and c, d real with c > 0) there is a natural *-structure given by
The unital C*-algebra C(S 2 q (c, d)) of "continuous functions on the Podleś quantum sphere S 2 q (c, d)" is defined as the universal C*-algebra generated by operators X, Y , ζ with relations (2) and *-structure (4).
Writing instead A = ζ, B = Y , B * = −qX, we obtain
There are three cases to consider:
. .. In case (i) the isomorphism (3) gives a family
parameterised by t ∈ R, t > 0, together with the "equatorial quantum sphere"
Denote by C(S 2 q,t ) the C*-algebraic completion of this algebra. Then: Hence as C*-algebras these spheres are all isomorphic. In case (ii), we obtain the "standard quantum sphere", the unital *-algebra with relations
The C*-algebraic completion is isomorphic to K ∼ (the compact operators adjoined the identity). Finally, in case (iii), for d = −cq 2n , the C*-algebraic completion C(S 2 q (c, d) is isomorphic to the matrix algebra M n (C). The K-theory and K-homology of these C*-algebras was thoroughly investigated in [MNW91] . However, throughout the remainder of this paper we neglect all topological considerations, and work purely in the algebraic setting.
Returning to the M-N-W notation, a Poincaré-Birkhoff-Witt basis for A(S 2 q (c, d)) consists of the monomials
Let A e = A ⊗ A op , where A op is the opposite algebra of A. Masuda, Nakagami and Watanabe gave an explicit resolution of
by free left A e -modules M n , with
Explicitly, M 1 has a basis {e ζ , e X , e Y }, with respect to which
M 2 has a basis {e ζ ∧ e X , e ζ ∧ e Y , ϑ
(1)
We refer the reader to [MNW91] for the definitions of the modules M n and maps d n for n ≥ 4. In section 3 we will use this resolution to calculate the Hochschild homology
with coefficients in the twisted A-bimodule σ A.
Comparison of the M-N-W and bar resolutions
Recall [Lo98] , p12 the bar resolution
which is a projective resolution of A as a left A e -module. Each
and
We have a commutative diagram
M 1 is a free A e -module of rank 3, with basis {e ζ , e X , e Y }, and
M 2 is a free A e -module of rank 4, with basis {e ζ ∧ e X , e ζ ∧ e Y , ϑ
(this is as much as we explicitly need). Applying the σ A ⊗ A e − functor to both resolutions allows us to identify the generators of twisted Hochschild homology found from the M-N-W resolution with explicit cycles in the bar resolution.
Automorphisms of A(S
These automorphisms all act diagonally on A, hence by [HK04] the inclusion HH * (A, σ) → H * (A, σ A) is injective, and we will show that in fact for every such σ it is an isomorphism.
Recall that the unital C*-algebra C(SU q (2)), "continuous functions on the compact quantum group SU q (2)" possesses a Haar state, a left invariant positive linear functional h :
Here σ mod is the modular automorphism, given in terms of the standard generators for C(SU q (2)) by
The analogous automorphism for A(SL q (2)),
is defined over any field k (not just C). Restricting to the Podleś sphere gives
3 Twisted Hochschild homology 
Write
Then we have
Provided λ / ∈ q 2N , we have
where α, β are given by:
Hence for λ / ∈ q 2N , we have
Solving (27) for λ = q 2b+2 requires some care. However, it is not difficult to show that:
Case 2:
Finally, for λ = 1, we have x 0 = 0, and:
It follows that for λ = 1 (σ = id) we have, as in [MNW91] ,
Corollary 3.2 H 0 (A, σ A) ∼ = HH 0 (A, σ) for every σ.
Proof
Proof: For the Masuda-Nakagami-Watanabe resolution, we have
given from (12) by
Here {e ζ , e X , e Y } is the given basis of M 1 as a free left A e -module of rank 3, and we are treating A as a right A e -module with module structure given by a.(t 1 ⊗ t 2 o ) = σ(t 2 )at 1 . Hence
From (13) we have
where {e ζ ∧ e X , e ζ ∧ e Y , ϑ
T } is the given basis of M 2 as a free left A e -module of rank 4. We use (38) and (39) to calculate ker(d 1 )/im(d 2 ). We find that if λ / ∈ {q 2b } b≥0 , then H 1 (A, σ A) = 0, whereas if λ = q 2b+2 , some b ≥ 0, then
Finally, we recall from [MNW91] that for λ = 1 (σ = id),
For completeness, using (19) we note that the twisted Hochschild cycles in A
⊗2
corresponding to the basis elements given in (40), (41) are
2
Corollary 3.4 H 1 (A, σ A) ∼ = HH 1 (A, σ) for every σ.
Proof: Every basis element above is already σ-invariant, hence the isomorphism follows by the results of [HK04] . 2
3.3
HH n (A, σ), n ≥ 2 
Otherwise, H
In each case we exhibit explicit generators.
where {e ζ ∧ ϑ
S , e ζ ∧ ϑ
T , e X ∧ ϑ
T } is the given basis for M 3 as a free A e -module of rank 4. The computations are most easily done by considering the following three cases seperately:
We find that unless λ = q 2b+2 for some b ≥ 0, then ker(
To explicitly exhibit the generators ω (which in each case depend on the parameters b, c and d), we further subdivide into the two cases λ = q 2 , and λ = q 2b+4 , b ≥ 0.
In case 1, then the generator is (the homology class of)
In case 2, the generator is
while in case 3, the generator is
In case 1, the generator is
Proof: Every basis element above is σ-invariant, hence the result. 2
Finally, all the higher twisted Hochschild homology groups vanish:
Proposition 3.7 For any automorphism σ, and all values of c and d (with
So obviously HH n (A, σ) = 0 for all n ≥ 3 also.
Twisted cyclic homology
Let A be an algebra, and σ an automorphism of A. Twisted cyclic homology HC * (A, σ) arises as in [Lo98] from the cyclic module A ♮ σ , with objects {A
. The face, degeneracy and cyclic operators are given by: 0 , a 1 , . . . , a n ) = (a 0 , . . . , a i a i+1 , . . . , a n ) 0 ≤ i ≤ n − 1 d n (a 0 , a 1 , . . . , a n ) = (σ(a n )a 0 , a 1 , . . . , a n−1 ) (51) (a 0 , a 1 , . . . , a n ) = (σ(a n ), a 0 , . . . , a n−1 )
The twisted cyclic homology HC * (A, σ) is the total homology of Connes' mixed (b, B)-bicomplex corresponding to the cyclic module A ♮ σ :
We have b = Σ n i=0 (−1) i d i , and B n = (1 − τ )sN , where N = Σ n j=0 τ j , and
is the "extra degeneracy"
s(a 0 , a 1 , . . . , a n ) = (1, a 0 , a 1 , . . . , a n )
In lowest degrees, the maps B n are given by:
Note that for any a ∈ A, b σ (a, 1, 1) = (a, 1), hence [(a, 1)] = 0 in HH 1 (A, σ) . So the induced map B 0 : 1, a) ]. Also, for t ∈ A, with σ(t) = αt, then
. We calculate the total homology of the mixed complex via a spectral sequence. The first step (vertical homology of the columns), gives the new page:
since HH n (A, σ) = 0 for all n ≥ 3. We find that:
, and all n ≥ 0,
, and HH n (A, σ) = 0 for n ≥ 1, the spectral sequence stabilises immediately, and the result follows. 2
, with ω the generator of HH 2 (A, σ).
Hence ker(
, we must have ker(B 1 ) = HH 1 (A, σ), im(B 1 ) = {0}. So the spectral sequence stabilizes at the second page:
with all further maps being zero. 2
. Just as in the previous proposition, for B 0 : HH 0 (A, σ) → HH 1 (A, σ) we have ker(B 0 ) = k[1], im(B 0 ) = HH 1 (A, σ). So for B 1 : HH 1 (A, σ) → HH 2 (A, σ), we must have ker(B 1 ) = HH 1 (A, σ), im(B 1 ) = {0}. So the spectral sequence stabilises at the second page and the result follows.
we again have im(B 0 ) = HH 1 (A, σ), so we must have ker(B 0 ) = k[αζ + βζ 2b+2 ], for some α, β ∈ k, with α = 0. And for B 1 : HH 1 (A, σ) → HH 2 (A, σ), we again must have ker(B 1 ) = HH 1 (A, σ), im(B 1 ) = {0}. 2 Proposition 4.4 For λ = 1, i.e. σ = id, then from [MNW91] we have (57), and in the same way
, and HH 1 (A, σ) = im(B 0 ). Hence the spectral sequence stabilises at the second step:
The standard Podleś quantum sphere
Recall that the coordinate Hopf *-algebra A(SU q (2)) is the unital *-algebra over C (algebraically) generated by elements a, c satisfying the relations
We assume now that q ∈ R, and 0 < q < 1. We define the unital C*-algebra C(SU q (2)) of "continuous functions on the quantum SU (2)", to be the C*-algebraic completion of A. The comultiplication, counit and antipode of A(SU q (2)) are defined on generators by
Recall also the Hopf *-algebra U q (su(2)), the unital *-algebra (over C) generated by elements K, K −1 , E, F satisfying
with involution
and counit and antipode given by ε(E) = 0 = ε(F ), ε(K) = 1,
There is a dual pairing < ., . > of the Hopf *-algebras U q (su(2)) and A(SU q (2)), defined on generators by
and zero otherwise. We define a right action of U q (su(2)) on A(SU q (2)) by
and denote R f (x) = x ⊳ S −1 (f ). It is well known that the standard Podleś quantum sphere arises as the *-subalgebra of A(SU q (2)) invariant under the right action of K. Explicitly,
Writing A = c * c, B = ac, B * = c * a * we characterise the coordinate *-algebra A(S where ω is defined by (45), (48).
We recall from [SW03b] the construction of a nontrivial twisted cyclic 2-cocycle. For a 0 , a 1 , a 2 ∈ A(S 2 q ), define τ (a 0 , a 1 , a 2 ) = h(a 0 [R F (a 1 )R E (a 2 ) − q 2 R E (a 1 )R F (a 2 )])
Here h is the Haar state on A(SU q (2) 
Restricting to A(S Furthermore, Schmüdgen and Wagner showed that this 2-cocycle τ is U q (su(2))-invariant, and coincides with twisted cyclic 2-cocycle associated with the volume form of the distinguished covariant 2-dimensional first order differential calculus discovered by Podleś in [Po92] . In addition they constructed a U q (su(2))-equivariant spectral triple over A(S 
Note that the Haar state h is a linear combination h = τ 0 + (1 + q 2 ) −1 h A . 
